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Modern quantum technologies in the fields of quantum computing, quantum simulation and quantum metrol-
ogy require the creation and control of large ensembles of entangled particles. In ultracold ensembles of neu-
tral atoms, highly entangled states containing thousands of particles have been generated, outnumbering any
other physical system by orders of magnitude. The entanglement generation relies on the fundamental particle-
exchange symmetry in ensembles of identical particles, which lacks the standard notion of entanglement be-
tween clearly definable subsystems. Here we present the generation of entanglement between two spatially
separated clouds by splitting an ensemble of ultracold identical particles. Since the clouds can be addressed
individually, our experiments open a path to exploit the available entangled states of indistinguishable particles
for quantum information applications.
The progress towards large ensembles of entangled
particles is pursued along two different paths. In a
bottom-up approach, the precise control and character-
ization of small systems of ions and photons is pushed
towards increasingly large system sizes, reaching en-
tangled states of 14 ions [1] or 10 photons [2]. Com-
plementary, large numbers of up to 3,000 entangled ul-
tracold atoms [3–5] can be generated, where the state
characterization is advanced top-down towards resolv-
ing correlations on the single-particle level. Because
the atoms cannot be addressed individually, ultracold
atomic ensembles are controlled by global ensemble
parameters, such as the total spin. Ideally, the atoms are
indistinguishable, either with respect to the observable,
such as the spin in hot vapor cells [6], or in all quantum
numbers in Bose-Einstein condensates (BECs) [7–12].
Is it possible to make these particles distinguishable —
and addressable — again, while keeping the high level
of entanglement?
The generation of entanglement in these systems is
deeply connected with the fundamental indistinguisha-
bility of the particles [13]. As an example, two indis-
tinguishable bosons 1 and 2, that are prepared in two
independent modes a and b, are described by an en-
tangled triplet state 1√
2
(|a〉1 |b〉2 + |b〉1 |a〉2) due to
bosonic symmetrization. Although this type of entan-
glement seems to be artificial, the state presents a re-
source for a Bell measurement [14]. Equivalently, an
ensemble containing the same number of distinguish-
(a) (b)
FIG. 1. Generation of entanglement between two spatially
separated atomic clouds. (a) A Bose-Einstein condensate of
atoms in the Zeeman level mF = 0 is prepared in a crossed-
beam optical trap. Collisions generate entangled pairs of
atoms in the levels mF = ±1 (spin up/down), in the first
spatially excited mode. The created multi-particle entangled
ensemble is naturally divided into two clouds (red and blue).
(b) The atomic density profile obtained from an average over
3,329 measurements is shown in the background. The entan-
glement between the two clouds (indicated by green lines) in
the system can be detected by analyzing spin correlations.
able spin-up and spin-down atoms is not necessarily
entangled, while a twin-Fock state, the corresponding
ensemble with indistinguishable bosons, exhibits full
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2many-particle entanglement [15, 16]. This form of en-
tanglement is directly applicable for atom interferom-
etry beyond the Standard Quantum Limit [10]. How-
ever, most quantum information tasks require an indi-
vidual addressing of sub-systems. Despite the experi-
mental progress in entanglement creation in BECs, in-
cluding the demonstration of Einstein-Podolsky-Rosen
correlations [17] and Bell correlations [18–20], as well
as the demonstration of strongly correlated momentum
states [21–23], a proof of entanglement between spa-
tially separated and individually addressable subsys-
tems has not been realized so far. The possible appli-
cations of such a resource reach far beyond quantum
information, ranging from spatially resolved quantum
metrology to tests for fundamental sources of decoher-
ence or Bell tests of quantum nonlocality.
In this Letter, we report the creation of particle en-
tanglement in an ensemble of up to 5,000 indistinguish-
able atoms and prove entanglement between two spa-
tially separated clouds. We utilize spin dynamics in a
spinor BEC to create highly entangled twin-Fock states
in a single spatial mode, which naturally splits into two
independent parts. We record strong spin correlations
between the resulting two atomic clouds, and derive a
criterion to prove their entanglement. Our results thus
demonstrate that the created entanglement of indistin-
guishable particles can be converted into entanglement
of spatially separated clouds, which can be addressed
individually. The concept can be extended to larger
numbers of subsystems, down to single particles in an
optical lattice, and opens a path to create highly entan-
gled states for numerous applications in quantum infor-
mation. For example, it presents a resource to synthe-
size any pure symmetric state with only single-particle
projective measurements [24, 25].
Our experiments start with the preparation of a 87Rb
Bose-Einstein condensate in a crossed-beam optical
dipole trap. The ensemble of 20,000 particles is trans-
ferred to the hyperfine level F = 1,mF = 0. Spin-
changing collisions create entangled atom pairs in the
Zeeman levels mF = ±1, where both atoms reside in
a spatially excited mode of the dipole trap [26, 27] (see
Fig. 1). The output state consists of a superposition of
twin-Fock states with an equal number of atoms N±1
in the two Zeeman levels mF = ±1 [10]. Since the
total number of particles is measured during detection,
the system is well described by single twin-Fock states
with one defined particle number. Self-similar expan-
sion [27] allows for an imaging of the undistorted but
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FIG. 2. Spin correlations between the clouds a and b.
(a) A twin-Fock state is represented by a narrow ring on the
equator of the multi-particle Bloch sphere (orange). When
the system is split into two parts a (blue) and b (red), the
states in the single subsystems seem to gain uncertainty.
However, a measurement of J(b)z or φ(b) on cloud b allows
for a prediction of the measurement outcome of cloud a, such
that J(a)z = −J(b)z or φ(a) ≈ φ(b). (b) Histogram of 506
measurements of J(a)z and J
(b)
z for a mean total number of
3,460 atoms. The data show the anticipated anti-correlation
between J(a)z and J
(b)
z . (c) The strong correlations between
the angles φ(a) and φ(b) are recorded by a measurement of
their projection on an arbitrary axis J⊥ in the x − y plane.
The histogram of J(a)⊥ /ja and J
(b)
⊥ /jb (487 measurements)
also reflects the projection of a ring onto its diameter.
magnified density profiles. An inhomogeneous mag-
netic field separates the atoms to record the atomic den-
sities for each Zeeman level.
The spatially excited mode of the ensembles in
mF = ±1 provides a natural splitting into a left and
right cloud along a line of zero density. Hence, we di-
vide the initial twin-Fock state into two spatially sepa-
rated parts |a〉 (left side) and |b〉 (right side). This pro-
cess can be described as a beam splitter of the initially
populated antisymmetric input mode 1√
2
(|a〉 − |b〉).
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FIG. 3. Spin correlations as a function of the total number of atoms N. (a) The prediction variance (∆J+z )2 (green circles)
surpasses the shot-noise limit (black solid line), indicating number squeezing of up to −11.0(5) dB. The number-dependent
detection noise is modeled by a linear fit (gray dashed line). (b) The fluctuations 〈(J˜−⊥ )2〉 = 〈(J˜−x )2〉 = 〈(J˜−y )2〉 (green
circles), corresponding to the phase prediction variance in the experiment, show excess noise, which increases the standard
deviation by a factor of 1.8 (gray dashed line) above the shot-noise limited case (black solid line). (c) J (a) and J (b) quantify
the symmetry of the states. The value 1 for purely symmetric states is indicated in black, the mean experimental value in
gray. In all panels, the total number of atoms N equals the mean of all experimental realizations within an interval of 1,000.
The error bars represent one standard deviation of the statistical fluctuations and are obtained via a bootstrapping method (see
Supplemental Material).
The splitting introduces additional quantum noise due
to a coupling with the (empty) symmetric input mode
1√
2
(|a〉 + |b〉). In principle, an ideal twin-Fock state
shows a maximal entanglement depth [15], i.e. all
atoms that make up a twin-Fock state are entangled
with each other. Therefore, any splitting results in
the appearance of quantum correlations between the
clouds.
The resulting quantum correlations can be visual-
ized on the multi-particle Bloch sphere (see Fig. 2(a)).
Here, the atoms in the levelsmF = ±1 are represented
by spin- 12 particles, whose spins j
(k) sum up to a total
spin J. On the Bloch sphere, the lines of latitude repre-
sent the number imbalance between the two levels and
the lines of longitude represent the phase difference.
An ensemble in a twin-Fock state can be depicted as a
ring on the Bloch sphere, characterized by a vanishing
imbalance, Jz = (N+1 − N−1)/2 = 0, and an unde-
termined phase difference.
If we divide the cloud, the collective spins J(a), J(b)
of the two parts have to sum up to the original collective
spin of the full ensemble J = J(a) + J(b). Therefore,
the z components of the collective spins are perfectly
anti-correlated J (a)z +J
(b)
z = 0. Furthermore, since the
spin length |J| is maximal, the collective spins of the
two parts have to point in a similar direction in the x−y
plane and thus have similar azimuthal angles φ(a) ≈
φ(b).
Hence, if the particle number difference of cloud b is
measured to yield J (b)z , the conditioned state of cloud
a satisfies J (a)z = −J (b)z . If the value J (b)x (J (b)y )
is measured on cloud b, the state of cloud a has to
fulfill J (a)x ≈ J (b)x (J (a)y ≈ J (b)y ). In summary, the
different possible measurements on cloud b yield pre-
cise predictions for the measurement results of cloud a,
which cannot be explained by a single quantum state
that is independent of the chosen type of measure-
ment. In this sense, the described system is analogous
to the thought experiment by Einstein, Podolsky and
Rosen [28], where entanglement is witnessed by the
variances of the predictions [29, 30]. Is it thus possible
to detect entanglement between the spatially separated
parts of a twin-Fock state?
To this end, we derive an entanglement criterion,
which optimally exploits the described spin correla-
tions (see Supplemental Material). The spin correla-
tions are represented by prediction operators J+z =
J
(a)
z + J
(b)
z , and J˜−m = J˜
(a)
m − J˜ (b)m for m = x, y.
Here, the x and y components are normalized, such
that the optimal value is 1, according to J˜ (n)m =
J(n)m /jn
J (n)
4FIG. 4. Violation of the separability criterion as a function
of the total number of atoms N. The black line represents
the right-hand side (RHS) of equation (1) for the ideal case.
The orange line represents the mean of the experimental re-
sults (orange diamonds) of the RHS of equation (1), where
the spin length is reduced. The green circles show the exper-
imental results for the left-hand side (LHS) of equation (1).
The dashed green line indicates the prediction of the LHS
corresponding to the gray lines in Fig. 3. The spin correla-
tions clearly violate the criterion by 2.8 standard deviations
at a mean total number of 3,460 atoms. The error bars and
shaded orange area indicate one standard deviation and are
obtained via a bootstrapping method (see Supplemental Ma-
terial).
with J (n) =
〈
(J(n)x )
2+(J(n)y )
2
j2n
〉 1
2
and the spin length
jn = Nn/2 for n = a,b. We arrive at a simple separa-
bility criterion[
(∆J+z )
2 + 12
] [〈(J˜−x )2 + (J˜−y )2〉] ≥ f (J (a),J (b)) ,
(1)
where f(x, y) = (x
2+y2−1)2
xy . Any separable state,
including mixtures of product states of the form∑
k pk|Ψ(a)k 〉〈Ψ(a)k | ⊗ |Ψ(b)k 〉〈Ψ(b)k | with a fluctuating
number of particles, fulfills this inequality. A viola-
tion of this criterion indicates that the state is insepa-
rable and therefore entangled. For perfectly symmetric
states, as we would expect in the ideal case, the right-
hand side (RHS) of the equation is equal to 1. Any de-
terioration from perfect symmetry is quantified byJ (a)
and J (b). The inequality has similarities to the famous
EPR criterion [31] due to the characteristic product of
the uncertainties. It presents a general entanglement
criterion, which is particularly sensitive for a spatially
separated twin-Fock state.
An application of criterion (1) requires an evalua-
tion of the spin correlations between the two clouds a
and b. The measurement results for J (a)z and J
(b)
z are
readily obtained from the absorption images. The mea-
surement of the orthogonal direction is performed by
a sequence of resonant microwave pulses prior to the
particle number detection (see Supplemental Material).
The pulses lead to an effective rotation of the spins by
pi/2. Because the microwave phase is independent of
the atomic phases, the rotation yields a measurement
of the spin component J⊥ along an arbitrary angle in
the x− y plane. Since our quantum state is symmetric
under rotations around the z axis, both due to the ini-
tial symmetry and the influence of magnetic field noise,
the measured distributions of J⊥ can be identified with
both Jx and Jy. Interestingly, the performed measure-
ment of J⊥ is the realization of a measurement scheme
to demonstrate the violation of a Bell inequality [32],
if local addressing and a single-particle-resolving atom
counting is added.
Figure 2 shows the histograms of Jz and J⊥/j for
a mean total number of 3,460 particles in both clouds.
The Jz data show the expected anti-correlation, while
the J⊥ measurements are strongly correlated. The
J⊥ histogram also shows pronounced peaks at the
edges, reflecting the projection of a ring onto its diame-
ter. The strength of these correlations can be quantified
by evaluating the prediction uncertainties — the width
of the distributions in the diagonal directions in the his-
tograms, i.e. (∆J+z )
2 and 〈(J˜−⊥ )2〉.
Figure 3(a) presents the prediction variance (∆J+z )
2
as a function of the total number of atoms. The
shown fluctuations, obtained by subtracting indepen-
dent detection noise, remain well below the shot-noise
limit, and are equivalent to a number squeezing of
−11.0(5) dB. The orthogonal quantities (Fig. 3(b)) are
slightly influenced by technical noise due to small po-
sition fluctuations of the clouds, increasing the stan-
dard deviation by a factor of 1.8 above shot noise. Fig-
ure 3(c) shows the quantities J (a), J (b). We obtain a
value of up to 0.94, close to the ideal value of 1, in-
dicating a sufficiently clean preparation of an almost
symmetric state.
From these results, we can test a violation of the
separability criterion. In Fig. 4, the orange diamonds
correspond to an evaluation of the RHS of the crite-
rion, which would ideally be 1 (black line). The left-
hand side (LHS), represented by the green circles, is
well below the RHS, signaling entanglement in the
system. At the best value at a total number of 3,460
5atoms, the experimental data violates the separability
criterion by 2.8 standard deviations. Therefore, our
measurements cannot result from classical correlations
and prove the generation of entanglement between spa-
tially separated clouds from particle-entangled, indis-
tinguishable atoms.
Complementary to our work, the group of M.
Oberthaler has observed spatially distributed multipar-
tite entanglement and the group of P. Treutlein has ob-
served spatial entanglement patterns.
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6SUPPLEMENTAL MATERIAL
Experimental sequence and analysis. The exper-
imental procedure and evaluation, as well as a dis-
cussion of the number-dependent detection noise can
be found in detail in the Supplemental Material of
Ref. [15].
We alternate between the experiments for the two
measurement directions Jz and J⊥ to minimize the in-
fluence of changing ambiance conditions. Both mea-
surements start with the same experimental sequence.
A BEC is prepared in a crossed-beam optical dipole
trap in the state F = 1,mF = 0.
A red-detuned microwave dressing field with a de-
tuning of 206 kHz couples the levels F = 1,mF = −1
and F = 2,mF = −2. This induces an energy
shift of the levels such that a resonance condition for
spin-changing collisions from F = 1,mF = 0 to
F = 1,mF = ±1 is reached [15]. At the resonance,
the energy of two atoms in the mF = 0 state is equal
to the energy of two atoms in mF = ±1 plus the en-
ergy of the excitation to the first spatially excited mode.
This pair creation process, producing a pair of entan-
gled atoms inmF = ±1, is subject to bosonic enhance-
ment, creating further pairs in the same mode during
an interaction time of t = 180 ms. Due to the nature
of the spin-changing collisions, the F = 1,mF = ±1
levels are populated with a two-mode squeezed state.
The two-mode squeezed state consists of a superpo-
sition of twin-Fock states
∑
n cn |n〉+1 |n〉−1 with an
equal number of atoms N±1 in the two Zeeman levels
mF = ±1. The weight cn = (−i tanh ξ)
n
cosh ξ corresponds
to a squeezing strength ξ = Ωt and a spin dynamics
rate Ω = 2pi × 6.6 Hz. The final measurement of the
total number of atoms collapses the state onto a twin-
Fock state. The measurement of Jz is now a measure-
ment of the atom numbers in the two levels mF = ±1
of the F = 1 manifold. However, to keep the two ex-
perimental procedures as similar as possible, the en-
sembles are transferred to the F = 2 manifold before
detection. To this end, the pulse sequence of the trans-
fer pulses (II-IV) is reversed for the Jz measurements
with respect to the J⊥ measurement (see Fig. 5).
The measurement in the orthogonal direction re-
quires a rotation around an axis perpendicular to Jz.
This is achieved by a coupling of the ensembles in
F = 1,mF = ±1 by an effective pi/2 pulse. Since
the microwave phase is not synchronized to the atomic
phases, the rotation leads to a measurement of J⊥
F=2
F=1
-2 -1 0 +1 +2m =
F
I IIIII
I
IV
(a) (b)
FIG. 5. Experimental techniques. (a) Experimental proce-
dure for the measurement of J⊥. The sequence starts with a
BEC in the |F = 1,mF = 0〉 Zeeman level .(I) A microwave
dressing field (solid blue line) induces a resonance condition
for spin-changing collisions, allowing for the population of
the |1,±1〉 levels with a twin-Fock state (dashed blue line).
(II) The population in |1, 1〉 is completely transferred to |2, 0〉
via a microwave transfer (solid orange arrows). This also
leads to a population of |2, 1〉 with atoms from |1, 0〉 (dotted
orange line). (III) A coupling between the two levels popu-
lated by the twin-Fock state is induced by a pi/2 microwave
pulse (solid dark blue line). This coupling is also resonant to
the transition |1, 0〉 → |2,−1〉, populating the |2,−1〉 level
(dotted dark blue line). (IV) To avoid an overlap in the de-
tection of the atoms in |1,−1〉 and |2, 1〉 the ensemble from
|1,−1〉 is transferred to |2,−2〉 (solid dark orange line). (b)
Single-shot absorption image with read-out masks indicated
in orange. The position of the masks is determined by the
center of mass of the central atomic cloud. The other two
masks, as well as the cutting lines, are fixed with respect to
the central cloud. The atom numbers in all four sub-masks
are evaluated by summing over the column densities in the
appropriate sub-masks.
along an arbitrary direction in the x − y plane. How-
ever, the state is fully characterized due to its perfect
symmetry under rotations around the z axis. Firstly, an
ideal twin-Fock state is symmetric itself, and secondly,
the experimentally realized state is randomized over Jz
rotations due to the influence of magnetic field noise.
Therefore, the measurement of J⊥ is sufficient. The
detection is again realized in the F = 2 manifold with
the mF = ±1 ensembles occupying F = 2,mF = −2
and F = 2,mF = 0. The large condensate from
mF = 0 is mainly transferred to F = 2,mF = −1
with a small fraction transferred to F = 2,mF = 1.
The experimental sequence ends with the detection
of the atomic ensembles. The dipole trap is switched
off to allow for 7.5 ms of self-similar expansion. The
mode profiles remain undistorted but magnified due to
7the interaction of the ensembles with the large conden-
sate remaining in the F = 2,mF = −1 state [33]. Af-
ter the initial mean-field dominated expansion, a strong
magnetic field gradient is applied to spatially separate
the atoms in the populated Zeeman levels. Finally, the
number of atoms in the clouds is detected by absorp-
tion imaging on a CCD camera with a large quantum
efficiency.
The absorption images are used to detect the num-
ber of atoms in the two spatially separated clouds. The
center of mass of the large condensate in the F =
2,mF = −1 level is used as a reference for the posi-
tion of all clouds (see Fig. 5(b)). This is necessary due
to slight shot-to-shot variations of the position, which
result from minute position changes of the dipole trap.
The position of the masks for the ensembles in F =
2,mF = {−2, 0} (formerly F = 1,mF = ±1), as
well as the cutting line for the parts a (left) and b
(right), is fixed with respect to this reference. The num-
ber of atoms in the four resulting sub-masks is then ob-
tained by summing over the column density of the ab-
sorption image to record the spin fluctuations and prove
entanglement between the spatially separated atomic
clouds.
To utilize the created state for quantum information
tasks, it can be transferred into an optical lattice, where
all constituent particles are individually addressable.
As a concrete example, single-atom projective mea-
surements on one half of this highly entangled ensem-
ble allow to synthesize any pure symmetric quantum
state in the second half [24, 25].
Bootstrapping. The error bars in Figs. 3 and 4
are obtained via a bootstrapping method. We created
10,000 random data sets on the basis of the distribu-
tions of the experimental data. We then calculated the
standard deviations of the measured quantities from
these 10,000 samples and checked that the percentage
of violations of equation (1) was consistent with the
reported significance.
Proof of equation (1).
We start from the sum of two Heisenberg uncertainty
relations (∆Jz)2[(∆Jx)2 + (∆Jy)2] ≥ 14 (〈Jx〉2 +〈Jy〉2). Simple algebra yields[
(∆Jz)
2 +
1
4
]
× (∆Jx)
2 + (∆Jy)
2
〈J2x 〉+ 〈J2y 〉
≥ 1
4
. (2)
Here, the first factor represents the fluctuations in the
particle number difference and the second term repre-
sents the fluctuations in the phase difference.
Product states. First, we consider product states of
the form |Ψ(a)〉 ⊗ |Ψ(b)〉. For such states[
(∆J+z )
2 +
1
2
]
×
[
(∆J˜−x )
2 + (∆J˜−y )
2
]
= [(U (a) + 14 ) + (U (b) + 14 )] · (V(a) + V(b))
≥ 4
√
(U (a) + 14 )(U (b) + 14 )V(a)V(b) ≥ 1 (3)
holds, where we used the notation U (n) = (∆J (n)z )2
and V(n) = (∆J˜ (n)x )2 + (∆J˜ (n)y )2 for n = a,b.
For product states, the variance of a collective ob-
servable is the sum of the sub-system variances, i.e.
[∆(A(a)+A(b))]2 = (∆A(a))2+(∆A(b))2, leading to
the equality in equation (3). The first inequality is ob-
tained from the inequality between the arithmetic and
the geometric mean. Equation (2) is valid for both part
a and b of the state, leading to the second inequality.
Using 〈(J˜ (n)x )2〉+〈(J˜ (n)y )2〉 = 1 for n = a,b, equa-
tion (3) yields
2
[
(∆J+z )
2 +
1
2
]
(S − C) ≥ S, (4)
where correlations between the two subsystems are
characterized by C =
〈
J(a)x J
(b)
x +J
(a)
y J
(b)
y
jajb
〉
, and S =
J (a)J (b). Note that C can be negative and |C| ≤ S.
The normalization with the total spin will make it eas-
ier to adapt our criterion to experiments with a varying
particle number in the ensembles.
Separable states. We now consider a mixed separa-
ble state of the form %sep =
∑
k pk|Ψ(a)k 〉 ⊗ |Ψ(b)k 〉.
For such states, we can write the following series of
inequalities
2
[
(∆J+z )
2 +
1
2
]
(S − C)
≥ 2
[∑
k
pk(∆Jz)
2
k +
1
2
][∑
k
pk (Sk − Ck)
]
≥ 2
[∑
k
pk
√(
(∆Jz)2k +
1
2
)
(Sk − Ck)
]2
≥
(∑
k
pk
√
Sk
)2
, (5)
where the subscript k indicates that the quantity is com-
puted for the kth sub-ensemble |Ψ(a)k 〉 ⊗ |Ψ(b)k 〉. The
first inequality in equation (5) is due to (∆J+z )
2 and
8S being concave in the quantum state. The second
inequality is based on the Cauchy-Schwarz inequal-
ity (
∑
k pkak) (
∑
k pkbk) ≥
(∑
k pk
√
akbk
)2
, where
ak, bk ≥ 0. The third inequality is the application of
equation (4) for all sub-ensembles. Next, we find a
lower bound on the RHS of equation (5) based on the
knowledge of J (a) and J (b).
We find that∑
k
pk
(
J (a)k J (b)k
)1/2
≥ (J (a))2+(J (b))2−1, (6)
which is based on noting (xy)1/4 ≥ x + y − 1 for
0 ≤ x, y ≤ 1. Using equation (6) to bound the RHS of
equation (5) from below and dividing by S we obtain[
(∆J+z )
2 +
1
2
]
×
[
2− 2 CS
]
≥
[
(J (a))2 + (J (b))2 − 1]2
S .
(7)
Non-zero particle number variance. So far, we as-
sumed that the particle number of the two clouds a and
b are known constants. In practice, the particle num-
ber is not a constant, but varies from experiment to
experiment. In principle, one could postselect exper-
iments for a given particle number, and test entangle-
ment only in the selected experiments. However, this
leads to discarding most experiments, increasing the
number of repetitions needed tremendously. Hence,
we modify our condition to handle non-zero particle
number variances [34]. In this case, the state of the
system can be written as % =
∑
ja,jb
Qja,jb%ja,jb ,
where %ja,jb are states with 2ja and 2jb particles in
the two clouds, Qja,jb ≥ 0,
∑
ja,jb
Qja,jb = 1. The
state % is separable if and only if all %N are sepa-
rable. Then, expectation values for % are computed
as 〈Af(jˆa, jˆb)〉% =
∑
ja,jb
Qja,jb〈A〉%ja,jb f(ja, jb),
where the operator is separated into one part that de-
pends only on the particle number operators of the two
clouds represented by jˆa and jˆb, and another part that
does not depend on them. f(x) denotes some function.
The proof from equation (3) to equation (7) can then be
repeated, assuming that ja and jb are operators. Hence,
we arrive at the criterion that can be used for the case
of varying particle numbers given in equation (1).
Note that we choose the normalization of the vari-
ances such that the criterion is robust against fluctua-
tions of the total number of particles. For a constant
particle number one could simplify the fractions on the
LHS of equation (1) by multiplying both the denomina-
tor and the numerator by ja, and for the other fractions
by jb.
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